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Abstract In this paper, unstable cylindrical tank drainage of Bingham Plastic
fluid with gravity-driven flow is investigated. The fluid's stress and velocity dis-
tribution are derived under no-slip conditions. The fundamental purpose of this
study is to develop a mathematical model for calculating the velocity distribution
of Bingham fluid, shear stress on the pipe, and other relevant discoveries. It has
been shown that increasing the Bingham model parameters, flow area, and pipe
length increases the time necessary to drain fluid from the tank. Furthermore,
our findings show that increased density and a bigger pipe radius lead to faster
drainage of Bingham plastic fluid from the circular tank.
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1 Introduction

A fluid is any material that deforms continuously under the action of shearing force." A Fluid is classified
into main three classes as Newtonian, Non-Newtonian and in-viscid fluid: viscid, it is viscous and sticky,
which provides great resistance to motion, Newtonian which possess a constant viscosity no matter the
applied stress or shear rate and non-Newtonian fluids [10, 13, 14].

The non-linear behavior of non-Newtonian fluids with respect to shear stress and deformation rate, as
well as their disregard for the rule of viscosity, Put otherwise, Newtonian fluids have a constant viscosity
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independent of the shear tension applied which make them far more important in today's fluid mechanics
than in-viscid and Newtonian fluids [1, 5].

The demand from many sectors, including the Petroleum, Chemical, Iron, and Bio Rheological fields
where molten metal is taken into consideration has led to a notable increase in interest in non-Newtonian
fluids in particular [17, 20]. One particular subclass of non-Newtonian fluids known as Bingham plastic
fluids is distinguished by its yield stress-producing behavior. A certain minimum shear stress is necessary
for the Bingham fluid to begin to flow. The fluid exhibits solid behavior and doesn't flow below this yield
stress [4, 6].The fluid exhibits Newtonian behavior after the yield stress is surpassed; subsequentincreases
in shear stress have no effect on the fluid’s viscosity[9, 19]. In this geometry of drainage of the Bingham
fluid is due gravity which causes it to flow via a circular tube. The flow of the fluid due to gravity in tank
produces Non-linear partial differential equations which are mainly solved by different methods [8, 18, 21].

Perturbation method is used for third order fluid [2, 12, 15], Separation of variable is used for Newto-
nian fluid in [20] and analytic technique is used for electrically conducting Newtonian fluid in [7, 11] exact
solution of Couple stress fluid [16]. In this study emerging partial differential equation is being solved
with separable technique, exact solution in terms of velocity profile for Bingham plastic fluid is obtained
with the help of no-slip boundary condition. Claude-Louis Navier first presented the idea of the "no-slip
boundary condition" in fluid dynamics at the beginning of the 1900s [3, 7]. The no-slip boundary condition
asserts that at a solid boundary, the fluid velocity is zero. This indicates that the fluid adheres to the solid
surface and does not slide beyond it. Due to typical behavior of Bingham fluid the velocity in interior re-
gion and outer region both are obtained. Further the flow rate, exerting shear stress on the pipe, average
velocity mathematical relation between time and depth of tank is obtained.Then bingham fluid is reduced
to the classical model when Ty — 0 and - — p are substitute.

2 Governing equations

Neglecting the thermal effects the equation for viscous flow of incompressible fluid is defined as:

V.V=0. (1

The Equation (1) defines that the gradient of velocity is 0. In addition, it explains that flow of the fluid is
not compressible which gives knowledge that volume of the fluid is constant throughout the region.
Dv
p.b+V.T—Vp—pE. (2)
In first term from left side density is multiplied to body force and added to gradient of stress tensor and

at the right side density is multiplied to total derivative which is equal to the convective and local derivative.
[16].

3 Problem Formulation

An unsteady cylinderical tank drainnage is palced at height and flow of the fluid is considered through a
pipe of Radius of R in the direction of the gravity. Ry is the Radius of tank drainage and the distance from
top to bottom of tank is taken as H(t). As from geometry its is seen that H, is the total deepness of tank.
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Figure 1. Tank drainage flow down via a round pipe [12, 15]

The velocity distribution, stress on the pipe of tank for Bingham plastic fluid is planned to find. So that
here cylindrical co-ordinates are used in which the radial and tangential co-ordinates are zero as defined
in equation (3) due to flow is considered only in axial direction for this model of tank. After then, the
fluid flow is exclusively in the z-axis direction. Therefore velocity field and shear stress can be assumed as
follows in equation in (3):

V=1[vr,vyvz]=10,0V(r,8) I, T=T(r,¢). (3)

Using this assumption the continuity and equation of motion is identically satisfied so that the results
is as follows defined in equation (4).

ou(r,t) _ dp _10(rme)
ot BTt rar @
It is noted that the inlet and outlet pressures are independent of each other such that the total change in

pressure is the weight force divided by the length of pipe L as defined in equation (5)

op _ pgH()

2 T )

The flow of the fluid from pipe drains very slow due high yield stress of the Bingham plastic fluid so

that the velocity distribution of the fluid is near to constant, due this phenomena the time derivative of the

fluid vanishes and later combining and rearranging equating (4 and 5) yields results as defined as follows
in equation (6).

orTrz) H(t)
= - — +
or rer ( L 1) '
his equation further reduces as follows after integrating it with r component

2 /H
& (ft)ﬂ) +fr(0). @)

(6)

rTrz=—

Equation (7) provides such an efficient result which includes the arbitrary function of integration in
terms of t. Now in order to further solve this we are imposing the center-line and No-Slip Conditions
which are suitable for this flow of the model and defined as follows respectively.
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At r=0, T,=0 and r=R, v;=0 . (8)

From this it is concluded that the arbitrary function of equation of (7) is zero and further results are
simplified as in equation (9)

H
Trz=—L§I’ (Zt)""l) (9)

Here it is necessary to defined the model of Bingham plastic fluid in mathematical formulation so that
is defined as that the viscoelastic fluids has no flow until and unless the external force is not applied in
such that the Bingham also possess the yield stress which define the model as in equation (10 and 11)

n—oo or WZO If |Trz|§T0, (10)
T ov. .
n=pot G OF Tz=-pogr£To I [Tzl 2To, (1)

or
In Equation (10 and 11) the terminologies are defined that n is considered as viscosity of the fluid further
1o as the parameter of Bingham fluid. From equation (10 and 11) it is observed that the both negative and
positive signs are used with T, and change of velocity when the tensor T,z is negative then assume that
Tr; = To and ris equal to the radius of plug flow r = r, . Therefore the radius of flug flow from equation (9)
is defined as:

To=—p‘g;r° (Hzt)+1>. (12)

Let's assume that the inner region (r < rp) and also that the yield stress is less than or equal than the
stress (Tr; < Tp) and the stress is defined by T, = —n% equation (12) provide result as defined in equation
(13)

8VZ,'

—< =0, 1

or 0 (13)
Integrating equation (13) with radial component we get an arbitrary function in terms of t as well

Vi = f>(t). (14)

This arbitrary function defines the flug flow in inner region. The subscript (i) represents inner region and
now subscript o is defining here the outer region so that for exterior region we have r, < r < R,means the
velocity distribution decreases when r increases so that we defined as % < 0and T = To.Therefor the
Bingham model according to the equation (11) is defined as in the equation (15).
T,

T =102 4 Ty or n=po+—0  for ro <r <R (15)

or _%

2
In order to obtain the velocity distribution for ro < r < Requations (9) and (15) here T,; may be eliminate

to obtain the equation (16).

aVzo pEr H(t) TO
== | — + + — <r<R.
ar 210 i 1 o for ro <r<R (16)

Now after integrating the equation (16) with radial component we obtain
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zZ0 —
dpo \ L
Where f,(t) is the arbitrary function so that utilizing the boundary condition v;o =0 r = R. so that the
velocity distribution in the outer region is obtain as in

2
__rer (H© (T TRy
Y20 = " a ( U (R) o {1-7) (18)
To conclude f5(¢), it possibly will be noted that v,; = v, at r = ro.Then equation (18) along with (10) may
be shortened to obtain,

2
- 80 (01)+ I, (17)

_rgr® (HO _(f)?
fal®) == ( . +1> (1 (R) . (19)
Therefore the velocity distribution in the plug flow in the inner region is obtained as follows.
2
P8 (HO _(fo)?
vy, 4uo< ) (1 (R) for r<ro. (20)
herer, = % represents the radius of the plug-flow zone at the pipe’s center. The velocity profile

is parabolic in the outer area (equation 20), and flat in the inner region (equation 18).

Flow rate
The "flow rate" may be calculated by integrating the velocity distribution over the cross section of the
circular pipe, as described in [2]. Rather of entering two independent velocity formulas from (18) and (20)
and integrating in two areas, integrating by parts yields the required result.
v, r?

R R
1 2 aVz
5 0—2/0 r <8r>dr} (21)

The first term in the square brackets above is zero at both limits on using no-slip boundary condition at
the upper limit. From equation (9), ¢ = TT—’; where Tp = ”gR ( £) + 1) is the wall shear stress. Thus, a
general expression for the flow rate in a circular pipe is

7R3 / ) < avz>
= T, dT, (22)
TS 0 rz ) rz-
The lower limit of integration is reset to T, using equation (10). Then, substitute equation (15) and integrate
produces

Q=27r{

7R3 5 _aRPTR[, 4 (To\ . 1 (To\*
MOR/ BT = R 15 () <3 (72) | @)

By replacing Tp — 0 and -u — p, the Bingham model reduces to the Newtonian model.

Q_

Average Velocity
We determine the average velocity by using the formula defined in [2] so the average velocity of the fluid
flowing down the pipe is obtained as

- RTR[. 4(To\ . 1 (To\*
a1 -3(1) 3 (7) ] 29
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Shear Stress on the pipe
Shear stress on the pipe is given by

Tr V4

_ _P8R[H()

Mass balance over the entire tank
Mass balance throughout the whole tank is described in [2], putting flow rate from equation (24) into the
mass balance formula established in [2],and then separating variables on both sides of the equation, one

obtains
pgR4t

H(t) = (Ho + L) x e®ol#7 [1 4 (i") i (”’)4} - L (26)

3\R/ 31\R
Relationship between time and depth of fluid in the tank

The relationship between time and the depth of the fluid present in the tank can be separately written
as

‘e 8oL R2 n (H(t) +1 ) . 27)
R 1-4 (3
Time of efflux
The time required for complete drainage (Time of efflux) is obtained by taking H(t) = 0
tor = 8ol Ry In ( ’ L+ L) . (28)
L IEETORETON B

4 Results and Discussion

In the preceding sections, we investigated the unsteady tank drainage problem using an isothermal, in-
compressible Bingham plastic fluid with a no-slip condition. We have obtained an exact solution for the
nonlinear partial differential equation. Variations in velocity profile v; and depth H(t) with the influence of
different parameters, including density p, pipe radius R, Bingham model parameter p,, pipe length L, tank
depth, and the radius of the plug flow region R, are being examined, as shown in Figures. 2-6 . Also the
effect of tank depth with respect to time is described as in figures 7-11. In Figures 2-6 It is being observed
that increasing the no-slip parameter, plug flow region, Bingham model parameter, and pipe length lead
to decrease in velocity. Conversely, increasing the parameters of density and pipe radius resulted in an
increase in velocity. In Figures 7-11 it is being found that increasing the plug flow region radius, Bingham
model parameter, and pipe length lead to an increase in the depth of the tank with respect to time. On
the other hand, increasing the parameter of density and pipe radius lead to a decrease in the depth of the
tank with respect to time.
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5 Conclusion

In this study unsteady, incompressible, an isothermal tank drainage model for Bingham plastic fluid with
no-slip condition is being studied. The exact solution of emerging Non linear Partial differential equation of
model in terms of velocity and shear stress is obtained using separation of variables method. Furthermore
flow rate, time efflux, mathematical relation between time and depth of tank is obtained. It has been
observed that when the Bingham model parameters, flow region and pipe length increase, the time efflux
of tank also increases.In addition, our findings indicate that higher density and a larger pipe radius result
in quicker drainage of Bingham plastic fluid from the circular tank. Velocity profile of the Bingham plastic
fluid in this model increases when the dynsity, radius of plug flow region is increasing. Also it is concluded
that greater the yield stress greater force is required to drain the Bingham plastic fluid.
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