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Abstract The Rienamm solution of the Cargo-LeRouxmodel has been recently
introduced in [5] in which authors have found the exact solutions to the initial
value problem. This work is the first attempt to apply numerical methods for the
Cargo-LeRouxmodel. The higher-order flux limitermethod used here to carry out
the simulations holds the total variation diminishing property and gives smooth
solutions in steep gradient regions. Various limiter functions that lead to different
accuracy in numerical results are tested for the Riemann problem. The numeri-
cal investigations presented in this work can be used to review limiter-based TVD
schemes extensively and to construct a class of highly efficient finite volume/ fi-
nite difference methods for such models.
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1 Introduction
Researchers have been interested in exploring the Riemann problem formany decades. This has been due
to a large domain of applications of the Riemann problem related to atmospheric, aerodynamics, chemical
sciences, traffic and transport modeling, and multi-phase flows. Selected reference books can be seen
from [11, 22, 26, 30]. The Riemann problem first proposed by [19] is characterized as a coupled system of
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quasi-linear hyperbolic partial differential equations with particular initial data that separates two states
of physical variables. The two states compose a piece-wise constant function with a discontinuity point.
This initial data discontinuous profile poses a major challenge to finding a well-defined solution to the
system as the continuity of physical variables is no longer established. Owing to this, much research has
been done that eventually developed a theory regarding solutions to Riemann’s problem. Among these
approaches, numerical techniques are well established, and researchers are still improving these with
their applicability to new models.

The first detailed discussion on the solution to Riemannproblems related to gas dynamics, saint vienent
system, and blood flowmodel was established by Toro et al [30] ]. A slightly different approach of changing
state variables for finding the Riemann solution was then introduced by Pang et al [16]. Further develop-
ments include the solution to hyperbolic conservation laws with non-conservative terms such as ( shallow
water models, horizontal temperature gradient, and pressure gradient terms, etc see in [2, 23, 29]. A large
number of contributions has beenmade in this context such as the incorporation of the entropy equation
for pressure gradient models by Mahmood, [24], establishing important analysis related to the existence
and uniqueness of the Riemann problem for one-dimensional isentropic and non-isentropic gas dynamic
equation [6, 14], the modified Riemann solutions for MHD problems including magnetic field effects on
elementary waves presented in [32], investigating Riemann solutions for radiating non-ideal flows [25] etc.

The drift flux model for two-phase flow was presented in [1], in which authors applied Lie group anal-
ysis and reduced the system to a set of ordinary differential equations. Several extensions of the drift
flux model have been studied in the context of the Riemann problem recently [21, 23, 34]. The delta-
shock wave, a generalization of the ordinary shock wave, was studied by Liu [13]. They investigated a one-
dimensional relativistic string equation inMinkowski space to explore the interaction between elementary
and delta waves. Another approach to finding self-similarity solutions was used in [8], in which authors
applied the Lie group transformations to the non-ideal dusty gas model. The self-similarity zero-viscosity
solutions were obtained by [9] with the same methodology of Lie group transformations.

Developing numerical methods for solving Riemann problems is more challenging because of com-
plex wave interactions leading to oscillations in numerical solutions and the computational complexities
of the numerical methods. These complexities are due to the dissipation and dispersion of solution that
inevitably appears in numerical solutions because the solution combines several traveling waves. Hence,
significant errors arise in numerical solutions as a natural feature of nonlinear hyperbolic conservation
laws. Nonetheless, numerical schemes must be designed to capture all elementary waves accurately.
Hence, higher-order accuracy schemes are much more reliable than low-order schemes to achieve accu-
racy but require additional treatment to ensuremany other important properties like positivity preserving
of physical variables. Plenty of literature is available regarding the development and analysis of numerical
methods. Most applied numerical techniques include finite difference methods, finite volume methods,
discontinuous Galerkin methods and machine learning algorithms see in [3, 18, 20, 31, 33].

This work is the first attempt to apply a numerical scheme for the Crago Laurex model in a one-
dimensional case. The conservative TVD difference scheme has been chosen for this study. The central
properties of the scheme include monotone, stability, and less dissipation, which can all be achieved
by imposing the TVD criteria and using flux limiters. Hence, both higher-order stability and accuracy in
smooth regions are achieved [27, 28].

The flux limiters play an important role in resolving the solution at steep gradients and turning points,
which usually co-occur. Spurious oscillations due to numerical instabilities at turning points may result
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in a violation of the fundamental physical properties of the model. Hence, conservative TVD difference
schemes are a good choice for handling such issues. These schemes switch on the higher-order accuracy
corrections in numerical solutions if the solution is not smooth enough in the region of a steep gradient.
A class of conservative schemes has been developed for conservation laws, which are non-oscillatory at
steep gradients and higher-order accurate in smooth regions [4, 12]. Such methods are known as high-
resolution schemes, and one of these has been applied in this work.

The remaining sections are designed as follows. Section 2 composed the Cargo-Lauroux model and its
eigen-structure. Section 3 is based on the formulation of the numerical method, starting with the introduc-
tion of certain notations, and also gives some important properties of a high-resolution scheme. Finally,
the last section presents numerical solutions and discusses the results for cases taken from [5]. The test
cases demonstrate the successful implementation of numerical schemes to capture the elementary and
delta shock waves.

2 The Cargo-LeRoux model
The Cargo-LeRoux model is a nonlinear system of partial differential equations. Its conservation law form
is given as below:

ρt + (ρu)x = 0
(ρq)t + (ρqu)x = 0

(ρu)t +
(
ρu2 + q

)
x
= 0

(1)

Recent studies on this model include [7, 10, 17]. The main objective of this paper is to resolve the
system numerically by incorporating a van der Waals gas pressure equation of state [15], written as

p = A
(

ρ

1 – aρ

)γ

. (2)

In the above equation, the van-der Waals excluded volume is a so that the term aρ is positive and less
than 1, and the adiabatic constant is γ which is usually in the range [1, 2]. The authors in reference paper
[5] use A = 0.5 as a constant.

The following initial data characterize an initial value problem for this model:

w(x, 0) =
{

wl =
(
ρl,ql,ul

)tr , x < 0,
wr =

(
ρr ,qr ,ur

)tr , x > 0.
(3)

Where tr stands for the standard notation of transport and wl and wr , denote the vectors of constant
values of state/primitive variables ρ, q, and u on the left and right sides of x = 0, respectively.

It is straightforward to write the conservation law as follows.

∂W
∂t + ∂G(W)

∂x = 0, –∞ < x < ∞, t ≥ 0 (4)

with definingW and G as follows:

W =

 ρ

ρq
ρu

 , and G(W) =

 ρu
ρqu

ρu2 + p + q

 . (5)
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tn xk– 32
xk–1 xk– 12

xk xk+ 1
2

xk+1 xk+ 3
2

tn+1
Gnumk– 32

Gnumk– 12
Gnumk+ 1

2
Gnumk+ 3

2

Wn
k–1 Wn

k Wn
k+1

Many researchers have changed the conservation law form for the vector of conserved variablesW = ρ

ρq
ρu

 to a new vector of variables w =

 ρ

q
u

 and then deduced the expressions for the eigenvalues

and eigenvectors. However, the standard approach of finding the eigenvalues from the conservation law
model also gives the same expressions for the eigenvalues. LetM =

[
∂W
∂w

]
andM =

[
∂w
∂W

]
be the transfor-

mation matrices from conserved to primitive variables and vice versa. From equation 4 it follows that:

∂W
∂t + ∂G

∂ξ
= 0

∂W
∂t + ∂G

∂W
∂W
∂ξ

= 0

M∂w
∂t + AM∂w

∂ξ
= 0

M–1M∂w
∂t +M–1AM∂w

∂ξ
= 0

∂w
∂t + a∂w

∂ξ
= 0

(6)

Here thematrices A(W) = ∂G
∂W called the Jacobianmatrix and the newmatrix a =M–1AM are similar. The

similar matrices have the same eigenvalues. These eigenvalues are obtained by solving the characteristic
equation det(a – λI) = 0, for I to be a 3× 3 identity matrix given as follows:

λ1 = u – σ, λ2 = u andλ3 = u – σ, (7)

where σ =
√

Aγργ–1
(1–aρ)γ+1 > 0. It is readily seen that the eigenvalues are real and distinct, so the system 4 is

strictly hyperbolic.

3 Numerical Scheme
A schematic diagram below illustrates the first step of a numerical method, which is a discretization of the
domain. The notations in fig 1 are used as the discrete time steps tn+1, spatial cell centers xk, cell interfaces
xk+1, discrete values of conserved variablesWn

k and the numerical flux function Gn,numk .
Integration of equation 4 over the control volume

[
xk– 12

, xk+ 1
2

]
×

[
tn, tn+1

]
gives a discrete equation as
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Figure 1. Schematic diagram showing Cells, time levels, cell centers and fluxes
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follows:

Wn+1
k =

∫ xk+ 12
xk– 12

W
(
x, tn+1

)
∆x dx

=
∫ xk+ 12
xk+ 12

W
(
x, tn

)
∆x dx + 1

∆x

∫ tn+1

tn
G
(
W

(
xk– 12

, τ
))

– G
(
W

(
xk+ 1

2
, τ
))

≈ Wn
k +

∆t
∆x

(
Gn, numk– 12

– Gn, numk+ 1
2

)
.

(8)

The numerical flux is a function of discrete values of conserved variables from neighboring cells, such as

Gn,numk+ 1
2

= Gn,num
(
Wn

k–p, . . . . . . . . . ,W
n
k+q

)
. (9)

Next, two more subscripts, H and L, differentiate the higher order from a lower order numerical flux.
Hence, combined numerical flux is written as

Gn,numk+ 1
2

= Gn,numLk+ 12
+ ϕnk

[
Gn,numHk+ 12

– Gn,numLk+ 12

]
. (10)

The second term in 10 is an anti-diffusive term that effectively controls oscillation in steep gradient regions
(see in [4, 12]). Lax Friedrich flux is selected as low order flux, i.e., Gn,numk+ 1

2
which gives the solution Wn+1

k
below

Wn+1
k = 1

2
(
Wn

k+1 +W
n
k–1

)
– ∆t
2∆x

(
Gn,new

(
Wn

k+1
)
– Gn,new

(
Wn

k–1
))
. (11)

while the higher order flux is coming from combining Lax Friedrichs and Lax Wendroff schemes see in
[28]:

For one-space dimensions, the total variation diminishing TVD criteria is defined in terms of the total
variation of the discrete values of the solution, i.e.,

∑
i(Wn

k+1 –W
n
k ) stated as below:

TV (Wn+1) ≤ TV (Wn). (12)

The limiter function ϕ that appears in equation 10 plays the main role in forming a monotone TVD numeri-
cal scheme. It has been shown that ϕ taken as a function of special parameter r results in a non-oscillatory
TVD scheme. This idea was first applied to non-linear conservation laws by Harten [4]. This parameter is
usually taken as

rk =
Wn

k –W
n
k–1

Wn
k+1 –W

n
k
. (13)

which is the check for local smoothness of the conserved variables. Hence, the limiter function controls
the anti-diffusive correction relative to the magnitude of local non-smoothness appearing in the solution.
Many researchers have introduced a class of flux-limiters schemes. For reference, see the table given
below:

The results in this paper have been obtained using the minmod limiter.

4 Numerical Results
The discrete equation 4 in section 4 is applied to obtain the values of physical quantities ρ, potential q, and
velocity u for different initial data sets. In this section, these test cases are now presented taken from [5].
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Table 1. The flux-limiters of Sweby’s TVD schemes.

Names Flux Limiters Formula Compressive or Diffusive
Superbee ϕ(r) = max[0,min(2r, 1),min(r, 2)] Compressive [27]

Van-Leer ϕ(r) = (r + |r|)/(r + 1) Diffusive [27]

Minmod ϕ(r) = max[0,min(r, 1)] Diffusive [27]

MUSCL ϕ(r) = max[0,min(2r, r+12 , 2)] Diffusive [27]

4.1 Test-1
The initial data for this test is given as

w(x, 0) =
{

wl = (5.99924, 2.7996, 0.5975)tr , x < 0,
wr = (7.999242, 1.37452, –6.19633)tr , x > 0,

(14)

The solutions are shown in 4 and 3. Three different values of van der Waals excluded volume a used for
plotting these results are a = 0.0 and a = 0.035. The constants A and γ equal 0.5 and 1.4, respectively. The
domain length for the spatial variable x is 1.0, and the end time t equals 0.2.

Initially, the discontinuity is located at the mid-point of x –axis, but after time t = 0; 2s, it is seen that the
discontinuity has evolved into a solution that is composed of a combination of elementary waves: a shock
wave moving to the left, a contact discontinuity, and a rarefaction wave moving to the right. However,
oscillations appear in the solution with an increase in value of a.

It is important to mention here that the results differ from those presented in [5]; however, the numer-
ical values of quantities are compatible with the initial values.
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4.2 Test-1
This test has been included to compare different flux limiters. The initial data for this test is given as

w(x, 0) =
{

wl = (0.96, 1.379, 1.0833)tr , x < 0,
wr = (1.7741, 1.5, 1.1187)tr , x > 0,

(15)
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