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1 Introduction

In sample surveys, the respondents often get confused and do not provide truthful information when
they are asked questions related to sensitive issues such as illegal income, monthly salary, purchase of
luxury items, smoking habits, and cheating in an examination, etc. Survey participants often refuse to
report truthful information about sensitive characteristics and their refusals result in a high non-response
(o) R
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rate. Besides refusals, false responses are also common in sensitive surveys. Attempting to minimize the
non-response rate in sample surveys, Warner [17] presented a procedure called the randomized response
technique, which got a wide popularity among survey researchers. The Warner's [17] procedure was ap-
plicable only to binary-type data. Warner [18] presented a scrambling technique for collection of reliable
data on quantitative sensitive variables. Gupta et al. [6] presented the concept of optional scrambling
models, offering the choice of true response to the survey participants. Diana and Perri [4] developed a
linear combination scrambling model to scramble the responses. Gjestvang and Singh [5] presented an
additive optional randomization technique. Hussain et al. [10] presented a new randomized response
method for use with sensitive surveys. Narjis and Shabbir [15] improved the randomization technique of
Gjestvang and Singh [5] by adding the option of true response. Khalil et al. [11] studied the impact of obser-
vational errors on the mean estimators of a sensitive variable. A recent study of Azeem [2] presented an
exponential scrambling technique for collection of data in sample surveys. Mahdizadeh and Zamanzade
[12] discussed reliability estimation under ranked set sampling design. In another study, Mahdizadeh and
Zamanzade [13] analyzed dynamic reliability estimation methods.

The two main objectives of using the randomized response technique are protection of privacy and
model’s efficiency. The usefulness of a given randomized response technique can be assessed by these
two features. In order to jointly quantify the level of privacy and model’s efficiency into a single measure,
Gupta et al. [7] suggested a unified metric of privacy level and efficiency for evaluation of randomized
response techniques.

Abbasi et al. [1] developed a partial randomized response model under ranked set sampling scheme.
Mahdizadeh and Zamanzade [14? ] developed novel estimators of the area under the receiver operating
characteristics curve. Zaman et al. [21] suggested that focused group discussions can be used for efficient
estimation of population proportion. Using robust regression approach, Zaman et al. [22] developed a
Hartley-Ross type estimator and analyzed its properties.

For further studies regarding randomized response models, one can refer to Yan et al. [19], Young et
al. [20], Gupta et al. [8], Zhang et al. [23], and Azeem and Salam [3].

Gupta et al. [9] suggested an optional model which offers the survey participants the option of using an
additive-type scrambling variable or using an additive as well as a multiplicative variable simultaneously.
The Gupta et al. [9] method achieved improvement over the Diana and Perri[4] method in the respondents’
privacy levels and in the efficiency of the sample mean. The model of Gupta et al. [9] gives the following
three options to the respondents.

(i) Report the true response,
(i) Use additive scrambling only,
(iii) Use additive and multiplicative scrambling simultaneously.

Motivated by Gupta et al. [9], the proposed scrambling model adds a fourth option for the respondents
- the use of a multiplicative only scrambling. Thus, the respondents have four options:

(i) Report the true response,
(ii) Use additive scrambling only,
(iii) Use multiplicative scrambling only,
(iv) Use both additive and multiplicative scrambling.

The inclusion of multiplicative-only scrambling makes the randomized response technique more ver-
satile as it gives an additional option to the respondents to motivate them to participate in the survey. The
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improvement of the proposed model over the Gupta et al. [9] model in terms of privacy protection and
efficiency is shown in Table 2-3.

2 Selected Models from the Literature

Suppose that the population under study has a total of N units and a suppose a random sample of n units
is taken with replacement from the population under study. Let Y denotes the sensitive variable under
study and let S be an additive-type random / scrambling variable. It is further assumed that E(Y;) = uy
E(S)=0,V(Y) = 0)2, , V(S) = J_% . Further, let T denote another random variable of multiplicative-type such
that, and . Here, and denote the population variance of variable Y, T, and S, respectively, and let denote the
population mean of the variable Y. We also assume that, for the sake of respondents’ privacy protection,
all variables are uncorrelated with each other. This section presents some of the already available models
for comparison with the proposed model.

2.1 2.1 Warner’s [18] Scrambling Model
The scrambling model of Warner [18] may be mathematically written as:
Z=Y+S, (1

where Z denotes the response recorded by the researcher. An unbiased estimator of the mean of Y by
using the Warner's [18] model may be written as:

S| =

fiw =

n
3 z. @)
i=1

The sampling variance of ji;y may be derived as:

R 1
Var(iiw) = — (0—5 + 02) . (3)
2.2 Diana and Perri [4] Model
The model of Diana and Perri [4] may be expressed as:
Z=TY+S. 4)

An unbiased mean estimator using the Diana and Perri [4] linear combination model may be written as:
1 n
fiop = > 7 (5)
i=1

The variance of the mean estimator fipp can be derived as:

Var(ipp) = % {0% (0,2/ + ,u%,) + 0)2, + oﬂ . (6)
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2.3 Narjis and Shabbir [15] Randomization Technique
Narjis and Shabbir [15] suggested the following model:

Y-S with probability oc%ﬁw
Z={Y+aS with probability —2 7)

atfty
Y with probability .,

where «,3, and « are constants. Utilizing the Narjis and Shabbir [15] method, an unbiased mean estimator
may be written as:

N
fins = ZZ/'- (&)
i=1
The variance of the mean estimator jiys can be obtained as:

. 1 [apla+p)o?
Var(iins) = [W + 051 :

9)

2.4 2.4 Gupta et al. [9] Optional Scrambling Model
Gupta et al. [9] suggested the following model:
|4 with probability 1 - W
Z=4Y+S with probability WA (10)
TY +S with probability W(1 - A),

where W denotes the level of sensitivity, and A is a constant such thatO <A < 1. Using the Gupta et al. [9]
optional model, an unbiased mean estimator may be expressed as:

19
fiG = ZZ/' an
i=1
The sampling variance of the estimator jig may be obtained as:

T
Var(iig) = — [W(1 - Alodo} + i) + of + Wo? (12)

3 Proposed Model

Motivated by Gupta et al. [9], the following optional randomization model is proposed.

Y with probability 1 - W
Y+S  with probability WA

7= (13)
Y with probability WB

TY +S  with probability W(1 - A- B).

where0<A<1,0<B<1,andA+B<1.Itisto be noted that for B = 0, the new suggested quantitative
randomized response model reduces to the model proposed by Gupta et al. [9].
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Theorem 1. Using the suggested model, the mean estimator of Y is unbiased for the population mean, that is,

E(ip) = py (14)

Proof. Taking expectation of Eq. 14 yields:

1 & 1 &
E(jip) = E (n ;a) = 21) EZ)). (15)
i= i=

Now
E(Z;) = (1 - W)E(Y) + (WA)E(Y + S) + (WB)E(TY) + W(1 - A-B)E(TY +S). (16)

Since the variables Y, T, and S are independent of each other, so using E(TY) = E(T)E(Y) in the Eq. 13 yields:

E(Zj) = (1 - W)y + (WAE(uy) + (WB)uy + W(1 - A - B)py. (17)
On simplification, Eq. 17 reduces to:
E(Z) = py. (18)
Hence
Eip) = 1y = (19)
Kp n < Ky = Hy-
O

Theorem 2. The variance of the mean estimator iy can be derived as:

Var(jip) = % W1 - Aor(aF + 1) + o + W1 - B)oE| (20)
Proof. The variance of Z; is obtained as:
Var(Z)) = EZ}) - [EZ)). (21)
Now
E(Z?) = (1 - W)E(Y;)? + (WA)E(Y + S)? + (WB)E(TY)? + W(1 = A~ B)E(TY + 5)? (22)

Using E(Y) = uy,E(T) = 1, E(Y?) = 07 + p2, E(T?) = 02 + 1, E(5%) = 02 and assuming independence of variables,
Eqg. 22 simplifies to:

EQZ7) = (1= W)o§ + uj) + (WAYoy + i + 03) + (WB)(oF + 1)o7 + ) + W(1 = A= B) |(0F + 1){o§ + pj) + 0§ | (23)

Further algebraic simplification yields:

E(Z?) = 0% + pd + W(1 - A)o2(o2 + ) + W(1 - B)o2 (24)
Also
E(Zj) = ny (25)
Using Eq. 24 and Eq. 25 in Eq. 21, the variance of Z; simplifies to:
Var(Zy) = o + W(1 - A)o2(o2 + %) + W(1 - B)o2 (26)
Taking variance of Eq. 14 gives:
1
Var(jip) = (o7 + W1 - A0R(oF + 1) + W(T - B (27)
This completes the proof. O
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Remark: If W, A, and B are unknown, we may estimate the variance by:

NN - 52
Var(ip) = 3 = 2055 E(Z" -2)°. (28)

where Z and S% denote the mean and variance of Z for the sample data, respectively.

4 An Application of the Suggested Model

For the application of the suggested model to a real-life sample survey, a sample of 40 students of under-
graduate level was drawn from the undergraduate level students currently studying in the University of
Malakand, Pakistan. There are a total of 195 students currently enrolled in the university. The researcher
was interested in estimating the population mean of the Grade Point Averages (GPA) of all students en-
rolled in the department. The 40 sampled students were provided with a deck of 100 cards and a calculator.
The cards of the deck displayed two random values - one each for variable S and variable T. The random
numbers were created using a normal distribution. For the scrambling variable S, the researcher created
random numbers using normal distribution having mean zero and variance 0.5. For the random variable
T, the research created random numbers using a normal distribution with mean one and variance equal to
0.5. Following Gjestvang and Singh [15], the numerical values for the constants W, A, and B were decided
by the researcher based on his prior knowledge about proportion of people who feel that the question
is of sensitive nature. In the case of non-availabilit of prior information, a pilot survey can be planned to
get estimates of these constants. In the given case, the researcher decided to take W = 0.4, A = 0.5, and
B=0.3,sothat1-W=0.6,WA=0.2, WB=0.12and W(1 -A-B)=0.08 . Using these values, the reported
response using the proposed model in Eq. 10 may be expressed as:

Y with probability 0.60,

Y+S with probability 0.20,
7= (29)
TY with probability 0.12,

TY +S with probability 0.08.
Using Eq. 29, each card of the deck displayed one of the following four questions:

(i) 60 out of 100 cards displayed the question: “Report your true GPA in last exam.”
(ii) 20 out of 100 cards displayed the question: “Add the value of S to your true GPA and report the result
of the addition.”
(iii) 12 out of 100 cards displayed the question: “Multiply the value of T with your true GPA and report
the result of the product.”
(iV) 8 out of 100 cards displayed the question: “Multiply the value of T with your actual GPA and then add
the value of S and report the result.”

These four questions on different cards correspond to the four components of the proposed technique
defined in Eq. 13. The students were asked to draw one card at random from 100 cards and add or mul-
tiply the numbers as per instruction on the selected card. The respondents had neither to disclose their
true grade point average nor to show the selected card to the researcher, hence assuring their privacy
protection. The response reported by the respondents are presented in Table 1. Observing Table 1, some
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of the observed values are greater than 4.0 despite the fact that the students’ actual grade point average
was measured on the scale of 4.0. However, most of the reported responses lie well within the acceptable
range of grade point average. The proportion of the responses lying inside the acceptable range depends
on the researcher’s choice of parameters for the distribution which is used to generate the random num-
bers. If the researcher chooses the mean equal to 50 or 100 for variable S or T to generate the random
numbers, this will lead to reported responses having very large scores which will look too unnatural for
data on students’ grade point average which generally ranges from 0 to 4, and this will also result in getting
an overestimate of the true mean grade point average. It is therefore advised to choose the parameters of
the distribution in such a manner that the observed values do not disperse too much from the acceptable
range of responses.

2713 | 3.044 | 2.984 | 3.569 | 1.988 | 0.584 | 0.00202 | 0.00180 | 3.231 | 2.429

1.852 | 3.499 | 4.879 | 3.187 | 2.529 | 1.949 2.609 3.987 3.003 | 1.712

3.559 | 2.639 | 3.039 | 2.886 | 2.348 | 2.765 4.569 2.439 1.327 | 3.899

3.884 | 3.101 | 2.197 | 1.990 | 4.443 | 1.736 2.678 3.751 3.096 | 2.110
Table 1. Observed Responses

5 Evaluation of Models

Yan et al. [19] presented a quantification metric of the privacy level for evaluation of randomized response
models which can be expressed as:
A=E[Z-YT (30)

A larger value of A translates to a higher privacy level provided by a particular model.
The evaluation of a given model is dependent upon two considerations: the privacy level provided by the
model, and its efficiency. A unified metric of the efficiency and level of privacy suggested by Gupta et al. [?
1 may be written as:
MSE

0= xR (31)
Observing Eq. 31, one may note that a smaller value of § is preferable as it shows either a smaller variance,
or a better privacy level, or both.
Under the Warner's [18] additive scrambling model, the privacy measure may be obtained as:

Ay = E[Y +S-Y1? = E[S?] = o2. (32)

The unified metric of efficiency and level of privacy using the Warner's [18] scrambling technique may be

expressed as:
N 242
by = 2w ] (UY US) . (33)

n 2
AW n 0%
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The privacy measure using the technique of Diana and Perri [4] may be obtained as:
App = E[TY +S-YT? = 62(o? + i) + o2. (34)

The unified metric of efficiency and level of privacy using the Diana and Perri [4] scrambling model can be

obtained as:
2(.2,,2 2, 2
Var(j: 1 [ |oT\oy T ry) toytos
Spp = (App) — ({ ( ) ] . (35)

App N o2(of + pd) + o
The privacy measure using the Gupta et al. [9] optional model may be obtained as:
Ag=(1-A) |oflof +ud)| + o2 (36)

The unified metric of efficiency and level of privacy using the Gupta et al. [9] procedure may be obtained
as:

Varie) 1 [ [WO - AR} + i)+ of + Wog
ég = A o . (37)
¢ n (1-A) [o3of + )] + 02
Using the proposed model, the level of privacy may be obtained as:
Ap=(1-A) [oF(of +up) + (1 - B)o. (38)
The unified metric of efficiency and privacy using the suggested model may be obtained as:
o _Varip) 1 ( |7F WO Ao + )+ WA - B .
P - - — .
Ap (1-A) [o3of + )| + (1 - B)o?

6 Estimation of Sensitivity Level

We can estimate the sensitivity level W and the mean sensitive trait uy by using the split sample approach
with equal split. For this, we assume that the constant B is known. We also use the following assumptions
about the expected values of variable T and S.

and
E(T)=1.

Consider two sub-samples having sizes nq and n, such that n; = ny = n. In the " sub-sample, the respon-
dents use variable S; and T with mean 6; and p7, and variance a§ and a% , respectively fori =1, 2.
Using the proposed model, the expected value of Z; may be expressed as:

E(Zj) = py + WO(1 - B), (40)

where B is known.
Replacing E(Z;) by its estimator Z; yields:

71 = iy + W6,(1 - B), (41)
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and
75 = jiy + Wo5(1 - B), (42)

Solving Eq. 39 and Eq. 42 simultaneously for /iy and W yields the estimators:

_ 0125 - 657,
o L7
W = . 44
(1= B0, - 15) “
7 Comparison of Models
The suggested quantitative randomized response model is better than the Gupta et al. [9] model if:
Var(jip) < Var(jig), (45)
orif 1 1
~ |of + WO - A)oF(of + 1) + WO - Biog| < — (W1 - Aol + 1) + o + Wod, (46)
or if
W(1 - B)o2 < W2, (47)
or if
(1-B)<1,
or if
B>0, (48)

which is always true. If B = 0, the proposed and the Gupta et al. [9] randomized response techniques are
equally efficient. The suggested quantitative randomized response model is better than the Narjis and
Shabbir [15] model if:

Var(iip) < Var(iys), (49)

W1 - Ard(af + 7)) < [ff fo‘ﬁii ) wa - B)} o3, (50)

" 52 < [0‘5(0‘*5) W - B)} o3 (51)
T la+p+y W( - Aog + 1)’

The results of the sampling variances under the suggested and the other models are provided in Table 2
for different values of constants and parameters. In addition, Table 3 displays the values of the unified
metric of efficiency and privacy, ¢, using various models for different values of constants.
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o | By A | B | fipp | iws fiG fip
513]1/103)|05|0584|0.537 | 0.376 | 0.358
05|03 | 0584 | 0537 | 0.280 | 0.269
2103050584 | 0484 | 0.338 | 0.322
0.5] 03 |0.584 | 0484 | 0.252 | 0.242
6[1]03|05]|0.584]|1.104 | 0.387 | 0.369
0503|0584 | 1.104 | 0.288 | 0.277
2103050584 | 1.019 | 0.358 | 0.341
0.5] 03 |0.584 | 1.019 | 0.266 | 0.256
10 (13]1]03|05]|0584 | 1118 | 0.392 | 0.374
0503|0584 | 1118 | 0.292 | 0.281
2103050584 | 1044 | 0.366 | 0.349
0.5| 0.3 | 0.584 | 1.044 | 0.273 | 0.262
61]03]|05]|0.584 | 2263|0397 | 0.379
0503|0584 | 2263 | 0.29 | 0.284
2103050584 | 2137 | 0.376 | 0.358
0503|0584 | 2137 | 0.280 | 0.269
2013|1103 |05 |0.584 | 2.304 | 0405 | 0.385
0.5] 0.3 |0.584 | 2.304 | 0.301 | 0.290
2103050584 | 2212 | 0.389 | 0.370
0503|0584 | 2212 | 0.289 | 0.278
61]03]|05]|0.584 | 4626 | 0407 | 0.387
05|03 | 0584 | 4626 | 0.303 | 0.291
2103|05]|0584 | 4461 | 0.392 | 0.374
0.5 | 0.3 | 0.584 | 4.461 | 0.292 | 0.281

Table 2. Variances of the mean foruy = 5,07 =2 ,02 =10, and 02 = 20

8 Discussion and Conclusion

This article presented an efficient quantitative randomized response model obtained by adding the
multiplicative-only scrambling component to the already existing Gupta et al. [9] randomized response
model. The inclusion of multiplicative-only component gives more choice to the respondents, hence
motivating them more to participate in the survey. Besides achieving improvement in precision over
the Gupta et al. [9] model, the proposed model has also been found more efficient than the Narjis and
Shabbir [15] model and the Diana and Perri [4] model. Observing Table 2, it is also clearly observed that
the sampling variance under the proposed model and under the Gupta et al. [9] model increases as «
increases.

Table 3 shows the values of the unified metric of efficiency and privacy level, 6 , under the suggested
and other models. Different choices of the values of a, #, and v have been considered to observe the
values for the proposed technique and the already available randomization techniques. Since the Diana
and Perri [4] model is independent of «, 3, and v Table 3 indicates that the value remains constant for all
values of o, 8, and v . Table 3 also indicates that the proposed quantitative technique and the Gupta et al.
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o | B|y|[ A | B fipp fins fig fip

5131110305/ 0.00201 | 0.00202 | 0.00180 | 0.00180
0.5 | 0.3 | 0.00201 | 0.00202 | 0.00180 | 0.00180
2103 | 0.5 ] 0.00201 | 0.00202 | 0.00162 | 0.00162
0.5 | 0.3 | 0.00201 | 0.00202 | 0.00162 | 0.00162
611]03]0.5]0.00201 | 0.00201 | 0.00185 | 0.00185
0.5 | 0.3 | 0.00201 | 0.00201 | 0.00186 | 0.00186
2|03 |05 0.00201 | 0.00201 | 0.00171 | 0.00171
0.5 | 0.3 | 0.00201 | 0.00201 | 0.00172 | 0.00172
10113 1]1]03]|0.5] 0.00201 | 0.00201 | 0.00188 | 0.00188
0.5 | 0.3 | 0.00201 | 0.00201 | 0.00188 | 0.00188
2103 0.5 ] 0.00201 | 0.00201 | 0.00175 | 0.00175
0.5 | 0.3 | 0.00201 | 0.00201 | 0.00176 | 0.00176
611]03]0.5]0.00201 | 0.00200 | 0.00190 | 0.00190
0.5 | 0.3 | 0.00201 | 0.00200 | 0.00191 | 0.00191
2103 | 0.5 ]| 0.00201 | 0.00200 | 0.00180 | .00180
0.5 | 0.3 | 0.00201 | 0.00200 | 0.00180 | 0.00180
2013|1103 |05 | 0.00201 | 0.00200 | 0.00194 | 0.00194
0.5 | 0.3 | 0.00201 | 0.00200 | 0.00194 | 0.00194
2|03 | 0.5 | 0.00201 | 0.00200 | 0.00186 | 0.00186
0.5 | 0.3 | 0.00201 | 0.00200 | 0.00187 | 0.00187
611]03]0.5]0.00201 | 0.00200 | 0.00195 | 0.00195
0.5 | 0.3 | 0.00201 | 0.00200 | 0.00195 | 0.00195
2103 | 0.5 ] 0.00201 | 0.00200 | 0.00188 | 0.00188
0.5 | 0.3 | 0.00201 | 0.00200 | 0.00188 | 0.00188

Table 3. Variances of the mean foruy = 5,07 =2 ,02 =10, and o2 = 20

[16] model produce equal values amongst, although the proposed model is more efficient than the Gupta
et al. [9] model. Moreover, the § values for the proposed model are smaller than the Diana and Perri [4]
technique and the Narjis and Shabbir [15] technique. Keeping in view the improvements in § values and
efficiency over previous models, the proposed model is recommended for use in sensitive surveys.

It is recommended for future researchers to use some complex survey designs such as ranked set
sampling and adaptive cluster sampling to achieve further improvement in respondents’ privacy and/or
efficiency.
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